We study the Jordan normal forms of the local and global monodromies over complete intersection subvarieties of C n by using the theory of motivic Milnor fibers. The results will be explicitly described by the mixed volumes of the faces of Newton polyhedrons.
Introduction
In this paper, we study the Jordan normal forms of the local and global monodromies over complete intersection subvarieties of C n with the help of the theory of motivic Milnor fibers and their Hodge realizations developed by Denef and Loeser [5, 6] , Guibert-Loeser-Merle [15] and Matsui-Takeuchi [29] etc. For 2 ≤ k ≤ n let
be complete intersection subvarieties of C n such that 0 ∈ V. Assume that W and V have isolated singularities at the origin 0 ∈ C n . Then by a fundamental result of Hamm [16] , the Milnor fiber F 0 of g := f k | W : W −→ C at the origin 0 has the homotopy type of the are nondegenerate at the origin 0 ∈ C n (see Definition 4.6 and [34] etc.). Set
and let Γ f be the union of compact faces of Γ + ( f), where Γ + ( f j ) ⊂ R n + is the Newton polyhedron of f j at the origin 0 ∈ C n . Then for each face Θ ≺ Γ + ( f) such that Θ ⊂ Γ f , we can naturally define faces γ . Let χ h : Mμ C −→ K 0 (HS mon ) be the Hodge characteristic map in [6] (see also Section 4 
(2) For i ≥ 1, the number of the Jordan blocks for the eigenvalue λ with sizes ≥ i in Φ n−k,0 : H n−k (F 0 ; C) H n−k (F 0 ; C) is equal to
where β j (S g,0 ) λ is the jth virtual Betti number of S g,0 (with respect to the The results will be explicitly described by the mixed volumes of the faces γ Θ j of Γ + ( f j ) (1 ≤ j ≤ k). See Theorems 5.4 and 5.13 for details. In the course of the proof of these results, Proposition 3.2, which generalizes a result of Khovanskii [19] , will play a central role. This proposition expresses an alternating sum of the numbers of certain lattice points defined by a polytope by its volume. We believe that it will be very useful in the study of lattice points in nonintegral polytopes. Indeed, by Proposition 3.2 we can rewrite the main results of [29] much more simply in terms of the volumes of polytopes. Unfortunately, for some technical reasons, we cannot obtain similar results for the eigenvalue 1 (see Remark 4.2 below), using our methods. In Section 6, we will show that our methods are useful also in the study of the monodromies at infinity over complete intersection subvarieties of C n . Even in this global case, we obtain results completely parallel to those in the local case. We thus find a beautiful symmetry between local and global as in [29] .
Preliminary Notions and Results
In this section, we introduce basic notions and results, which will be used in this paper.
In this paper, we essentially follow the terminology of [8, 12, 17, 18] 
which preserves the constructibility (see [8, 18] etc.). As we see in Proposition 2.3, the nearby cycle functor ψ f generalizes the classical notion of Milnor fibers. First, let us recall the definition of Milnor fibers over singular varieties (see for example [44] for a review on this subject). Let X be a subvariety of C m and f : X −→ C a nonconstant regular function on X. Namely we assume that there exists a polynomial functionf : C m −→ C on C m such thatf| X = f. For simplicity, assume also that the Lemma 2.1 ([23, Theorem 1.1]). For sufficiently small ε > 0, there exists η 0 > 0 with 0 < η 0 ε such that for 0 < ∀η < η 0 the restriction of f:
is a topological fiber bundle over the punctured disk
where B(0; ε) is the open ball in C m with radius ε centered at the origin.
Definition 2.2.
A fiber of the above fibration is called the Milnor fiber of the function f : X −→ C at 0 ∈ X 0 and we denote it by F 0 .
Proposition 2.3 ([8, Proposition 4.2.2]). There exists a natural isomorphism
for any j ∈ Z.
Recall also that in the above situation, as in the case of polynomial functions over C n (see Milnor [31] ), we can define the Milnor monodromy operators
For the classical case where X = C m see [1, 3, 21, 22, 29, 31, 34, 45, 47] etc. Similarly, also for any y ∈ X 0 = {x ∈ X | f(x) = 0} we can define the Milnor fiber F y and its monodromies [8, 18] etc.). Next we recall Bernstein-Khovanskii-Kushnirenko's theorem [19] .
(1) We call the convex hull of supp(g) :
Newton polytope of g and denote it by NP(g). 
where for u= (u 1 , . . . , u n ) and
We call Γ (g; u) the supporting face of u in NP(g).
(3) For a vector u∈ R n , we define the u-part of g by 
n is a nondegenerate complete intersection if for any vector u∈ R n the p-form dg
Theorem 2.6 (Bernstein-Khovanskii-Kushnirenko's theorem, see [19] etc.). Let
Assume that the subvariety
where
with respect to the lattice
where Vol Z ( * ) ∈ Z is the normalized n-dimensional volume (i.e., the n! times the usual volume Finally we shall introduce our recent results in [29, Section 2] . From now on, let us fix an element τ = (τ 1 , . . . , τ n ) ∈ T := (C * ) n and let g be a Laurent polynomial on
= 0} is nondegenerate and invariant by the automor-
n induced by the multiplication by τ . Set Δ = NP(g) and for simplicity assume that dimΔ = n. Then there exists β ∈ C such that l *
Moreover by the condition dimΔ = n we see that τ 1 , τ 2 , . . . , τ n are roots of unity. For p, q ≥ 0 and k ≥ 0, let
) be the mixed Hodge number of H k c (Z * ; C) and set
as in [4] . The above automorphism of (C * ) n induces a morphism of mixed Hodge struc-
Since we have l r τ = id Z * for r 0, these numbers are zero unless α is a root of unity. Moreover we have
In 
For the special case α = 1 see Macdonald [25] etc. We can easily see that these numbers l * (kΔ) α do not depend on the choice of the vertex w of Δ. Note that for k = 0 we have 
(we used the convention
By Proposition 2.8 and Theorem 2.9, we obtain an algorithm to calculate the numbers e p,q (Z * ) α of the nondegenerate hypersurface Z * ⊂ (C * ) n for any α ∈ C as in [4, Section 5.2] . Indeed for a projective toric compactification X of (C * ) n such that the closureZ * of Z * in X is smooth (see [13, 32] etc.), the varietyZ * is smooth projective and hence there exists a perfect pairing
for any p, q ≥ 0 and α ∈ C * (see, e.g., [ (
We denote by som(Δ) (resp. som(Δ )) the set of vertices of Δ (resp. Δ ). Then we say that Δ majorizes Δ if there exists a map Ψ : som(Δ ) −→ som(Δ) such that
Note that if Δ majorizes Δ the map Ψ : som(Δ ) −→ som(Δ) is unique (see [4] ). For
, we denote by X Δ the (projective) toric variety associated with the dual fan of Δ. Recall also that if Δ majorizes Δ then there exists a natural morphism X Δ −→ X Δ . Now we return to the original situation. For α ∈ C
Then we have the following result.
Proposition 2.11. For any α ∈ C, we have
Proof. By Theorem 2.9 we have Then the result follows from
From now on, assume also that for any vertex v of Δ we have 
α}, Proposition 2.11 can be rewritten as follows.
Proposition 2.12. For any α ∈ C we have
More generally, for any subvariety
Here we regard S as the affine space C N consisting of the coefficients of (g 1 , . . . , g k ). Let S gen be the subset of S consisting of k-tuples
a nondegenerate complete intersection (C.I.). Then S gen is open dense in S C N and for 
, we obtain a complete fan Σ such that the toric variety X Σ associated to it is a smooth compactification of (C * ) 
be the O S gen -linear endomorphism of the locally free 
Combinatorial Results and their Applications
In this section, we shall describe the α-Euler characteristic χ(Z * ) α ∈ Z of the nonde-
n introduced in Section 2 in terms of the volume of its Newton polytope Δ. For this purpose, we first consider the following more general situation. Let L ⊂ Z n be a sublattice of rank n. For a bounded subset A of R n (resp. a polytope
. . , Δ n be integral polytopes in R n whose all vertices lie in L. For a subset Theorem 3.1 (Khovanskii [19] ). In the situation above, we have
where MV(Δ 1 , . . . , Δ n ) ∈ Z + is the normalized n-dimensional mixed volume of
. . , Δ n with respect to the lattice L.
From now on, we will generalize this theorem as follows. Let Δ 1 , . . . , Δ n be as above and pick another polytope Δ 0 in R n (which is not assumed to be integral). Also for
Proposition 3.2. In the situation above, we have
Proof. The proof proceeds in three steps.
(A) Assume that there exists 1 ≤ j ≤ n such that dimΔ j = 0. In this case, the mixed volume MV(Δ 1 , . . . , Δ n ) is zero and the other two terms in (32) also vanish, because for each J ⊂ {1, 2, . . . , n} such that j / ∈ J we have the
etc.
(B) Assume that Δ 1 , Δ 2 , . . . , Δ n are linearly independent segments and Δ 0 consists of one point p ∈ R n . In this case, for each 1 ≤ j ≤ n by taking a vertex q j of the segment Δ j , we setΔ j = Δ j \ {q j }. Then we have
Moreover we can easily see that the last term is equal to MV(Δ 1 , . . . , Δ n ). (C) Now we consider the general case. For a polytope in R n let 1 : R n −→ {0, 1} (resp. ρ : R n −→ {0, ±1}) be the characteristic function of (resp. the function defined by ρ = (−1) dim 1 rel.int( ) ). In particular, for any point p ∈ R n we have ρ { p} = 1 { p} . If and are polytopes in R n and majorizes , then for a face Γ ≺ of we denote by Γ the corresponding face of .
The proof of the following lemma is very easy and left to the reader.
Lemma 3.3. In the situation above, we have
Actually, we need this lemma in the following special setting.
Lemma 3.4. Let and be as above and l ⊂ R n a closed ray (i.e., a closed half segment
where Γ ranges through the bounded faces of + l (they are also faces of ) and Γ is the face of that corresponds to Γ ≺ . Now we return to the proof of Proposition 3.
. . , n} setΔ I = j∈IΔ j and let l be the closed ray {0} × {x ∈ 
Note that for 0 ≤ j ≤ n the projection Γ { j} is a face of Δ j , and we have Γ I = j∈I Γ { j} for any I ⊂ {0, 1, . . . , n}. Moreover we have the following lemma. For 0 ≤ j ≤ n let L(Δ j ) be the linear subspace of R n that is parallel to the affine span of
* be the set of (n + 1)-
. . , g n ) of such linear functions. There exists an open dense subset S gen of S such that for any 
. . , Δ n correspond to the same bounded faceΓ ofΔ {0,1,...,n} + l, then there exists a linear function f :
is positive. So it suffices to set S gen to be the complement of the union of such
By this lemma, after changing the linear parts of f 0 , f 1 , . . . , f n slightly, we may assume that for any bounded faceΓ ofΔ {0,1,...,n} + l, the corresponding faces Γ {0} , Γ {1} , . . . , Γ {n} are transversal. Then by applying Lemma 3.4 to the case =Δ {0,1,...,n} ,
whereΓ ranges through the bounded faces ofΔ {0,1,...,n} + l. By the transversality of
. . , Γ {n} forΓ ≺Δ {0,1,...,n} there are only the following two cases:
. . , Γ {n} are linearly independent segments and dimΓ {0} = 0.
In the case (a), by applying 
In particular, this is the case whenever dimΓ < n. Moreover, in the case (b), by
Step (B) we have Hence we get
By reversing the arguments used to obtain (39) and (42) in the absense of the 0th polytopes Δ 0 , Γ {0} etc., we find that the last term of (42) is equal to
Similarly we have
This completes the proof. Now let us return to the situation in Proposition 2.12 and use the notations there. Then by applying Proposition 3.2 to the case
we obtain the following very simple result. We define a finite subset Λ ⊂ C by
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where Vol Z ( * ) ∈ Z is the normalized n-dimensional volume with respect to the
The following definition will be frequently used throughout this paper.
(1) (see [4, Section 2.3]) We say that Δ is prime if for any vertex w of Δ the cone Con(Δ, w) is generated by a basis of R n .
(2) We say that Δ is pseudo-prime if for any 1-dimensional face γ ≺ Δ the number of the two-dimensional faces γ ≺ Δ such that γ ≺ γ is n − 1.
By definition, prime polytopes are pseudo-prime. Moreover, for a pseudo-prime polytope Δ, the projective toric variety X Δ associated to the dual fan of Δ is an orbifold outside finitely many points. This implies that the closure of a nondegenerate hypersur- Proposition 3.9. In the situation of Proposition 2.12, assume moreover that the n-dimensional polytope Δ = NP(g) is pseudo-prime. Then for any α ∈ C \ {1} and r ≥ 0, we have where Λ(γ ) ⊂ Λ is defined similarly to Λ by using the intersection of Z n and the affine span of γ , and we define the integer Vol 
we can naturally associate an element τ ∈ (
n is invariant by the multiplication by τ . Now fix a complex number α = 1. Then by Theorem 3.6, the virtual Betti polynomial
(of degree ≤ dim = n − 1) of the hypersurface Z * ⊂ (C * ) n defined by the (n − 1)- 
(ii) The coefficients c i of the polynomial
are symmetric with respect to the degree dim :
where we set
Indeed, let Δ be the pyramid over with apex 0 ∈ R n and X Δ the projective toric variety associated to its dual fan. Note that Δ is pseudo-prime and majorizes Δ. 
4 Motivic Milnor Fibers over C.I. and their Virtual Betti Polynomials
be complete intersection subvarieties of C n such that 0 ∈ V. Assume that W and V have isolated singularities at the origin 0 ∈ C n . Then by a fundamental result of Hamm 
Recall that the semisimple part of the monodromy operator
was determined by Oka [33, 34] and Kirillov [20] (see also [27] for some generalizations). Our objective here is to describe the Jordan nor- 
k (0)) be the shifted nearby cycle functor that preserves the perversity. Let F ∈ D b c (C n ) be the minimal extension of the perverse
has the following decomposition with respect to the eigenvalues λ ∈ C * of its
(see [8] etc.). By Proposition 2.3 for any λ = 1, the support of the perverse sheaf ψ 
c ({0}) and the semisimple part of its monodromy automorphism, we associate naturally an element
(see Saito [38, 40] for the details). Then by construction, for any λ = 1 the λ-eigenspace
is identified with the complex vector space ψ p f k ,λ (F) endowed with a Hodge decomposition whose weights are defined by its "absolute" monodromy filtration (see Saito [38, 40] 
and 
together in an obviously way, we obtain the d I -fold covering E 
Definition 4.3 ([5, 6, 15]). We define the motivic Milnor fiber S
For the description of the element [
be the Hodge characteristic map defined in [6] . To a variety Z with a good μ d -action, it associates the Hodge structure
with the actions induced by the one 
Thus our problem was reduced to the calculation of χ h (S g,0 ) ∈ K 0 (HS mon ).
(1) We call the convex hull of v∈supp f {v + R n + } in R n + the Newton polyhedron of f at the origin 0 ∈ C n and denote it by Γ + ( f).
(2) We say that f is convenient if Γ + ( f) intersects each coordinate axis of R n outside the origin.
From now on, in order to describe our results explicitly, assume also that
We denote the union of compact faces of Γ + ( f) by Γ f . Recall that on R 
where 
From now on, let us assume also that f is nondegenerate at the origin 0 ∈ C n . Then we can construct the morphism π : X −→ C n explicitly as follows. Let Σ 1 = {σ Θ } Θ≺Γ + ( f) be the dual fan of Γ + ( f). Take a smooth subdivision Σ of Σ 1 and denote by X Σ the smooth toric variety associated to the (smooth) fan Σ. We thus obtain a proper morphism π : 
dimΘ be the linear subspace of R n that is parallel to the affine span of Θ. We denote by K Θ R dimΘ the affine linear subspace of R n that is parallel to L Θ and contains Figure 1) . LetL Θ R dimΘ+1 be the linear subspace of R n generated by {0} K Θ .
Then L Θ is a hyperplane ofL Θ , and to the latticeM Θ = Z n ∩L Θ we can naturally associate the algebraic torusT
Denote the convex hull of {0} γ Figure 1 ). For simplicity, we denote the k-tuple (κ
Then to Δ Θ we can naturally associate a nondegenerate complete intersection subvari-
and an action of the cyclic group
. Assume also that the support suppg
and the subvariety
ofT Θ is a nondegenerate complete intersection. Let ht( * , 
we can naturally associate an element 
In particular, the virtual Betti polynomial
(2) For i ≥ 1, the number of the Jordan blocks for the eigenvalue λ with sizes ≥ i
Proof. By using the above explicit construction of π : X Σ −→ C n from Γ + ( f) the proof of (1) 
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By the standard decomposition
, where we set
For each subset J ⊂ {1, 2, . . . , k − 1} (J can be an empty set ∅), set
Note that Ω Θ,J is the complement of the hypersurface
Proof. By the definition of Z * Δ Θ the natural projection
is an algebraic fiber bundle whose fiber is isomorphic to C k−1 . Therefore by the condition λ = 1 we obtain
Since the multiplication of τ Θ onT Θ (resp. (τ Θ , 1) onT Θ × (C * ) J ) is homotopic to the identity, by λ = 1 we obtain the desired formula. This completes the proof. 
for any λ ∈ C * \ {1}. Recall that if λ = 1 the degree of the polynomial β(
Moreover for a nondegenerate hypersurface S *
for any λ ∈ C * \ {1}. We thus obtain the following theorem.
Theorem 4.9. For λ ∈ C * \ {1} we have 
For each r ∈ R(Θ J , l), we set
Now in the situation above, let λ ∈ C * \ {1} and i ≥ 1. Then by Theorems 4.7 and 4.9, the number of the Jordan blocks for the eigenvalue λ with sizes
Note that we can always calculate the virtual Betti numbers β r (Θ J ) λ ∈ Z by our algorithm at the end of Section 3. We can construct polytopes that majorize the join Θ J much easier than that for arbitrary polytopes of the same dimension. From now on, assume moreover that for any compact face Θ ≺ Γ + ( f) such that dimΘ ≥ k − 1 the corresponding faces
Note that this condition was used in [10] 
where by using the lattice distance
Finally to end this section, we shall introduce an analogue of the Steenbrink conjecture proved by Varchenko-Khovanskii [48] and Saito [39] .
Definition 4.11 (Ebeling and Steenbrink [9] ). As a Puiseux series, we define the nonintegral part sp g (t) of the spectrum of g : W −→ C at the origin 0 ∈ C n by . h Θ,J | Θ J ≡ 1. Then we define the Puiseux series P Θ,J (t) by
Theorem 4.12. In the situation above, we have
5 The Numbers of Jordan Blocks in the Monodromies over C.I.
In this section, by using the results in the previous sections, we prove some combinatorial formulas for the Jordan normal forms of the (local) monodromies over complete intersection subvarieties of C n . We inherit the situation and the notations in Section 4.
Then our primary interest here is to describe the numbers of the maximal (and the second maximal) Jordan blocks for the eigenvalues λ = 1 in the monodromy Φ n−k,0 :
We fix λ ∈ C * \ {1} and a face 
The following lemma is essentially due to Sturmfels [43] . Proof. Let I, J ⊂ {1, 2, . . . , k − 1}. Then we can easily prove that
. This implies that the right hand side of (115) is equal to (−1)
By Theorem 2.6, the subset
of (C * ) m+1 is a disjoint union of MV(κ 
where length Z (γ 
Example 5.7. Assume that n= 3 and k = 2. Let
be complete intersection subvarieties of C 3 having isolated singular points at the origin 0 ∈ C 3 . Denote by F 0 the Milnor fiber of g := f 2 | W : W −→ C at the origin 0. Assume also that the vertices of
is nondegenerate at the origin 0 ∈ C 3 . Then by the theorem of Oka [33, 34] and Kirillov [20] , the total multiplicity of the eigenvalue −1 in the monodromy operator Φ 1,0 : 
where in the sum Γ the face Γ ranges through the facets of γ 
